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We consider Hawking–Page phase transition between the BTZ black hole with M ≥ 0 and the thermal 
soliton with M = −1 in new massive gravity. By comparing the on-shell free energies, we can see that 
there exists a critical temperature. The thermal soliton is more probable than the black hole below the 
critical temperature while the black hole is more probable than the thermal soliton above the critical 
temperature. By consistently constructing the off-shell free energies taking into account the conical 
singularity, we show that there exist inﬁnite non-equilibrium states connecting the BTZ black hole and 
the thermal soliton, so that they provide a picture of continuous evolution of the phase transition.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Now it is well known that a black hole is like a thermodynam-
ical system, not only it has entropy but also temperature [1–4]. 
In past decades, extensive efforts have been paid on the study 
of thermodynamical properties of black holes. And various phase 
transitions in various black holes have been found. The particularly
interesting one, now named Hawking–Page transition [5], states 
that there exists a phase transition between an AdS–Schwarzschild 
black hole and a pure AdS vacuum in four dimensions. Above 
a critical temperature, the AdS–Schwarzschild black hole is more 
probable than the AdS vacuum, while below the critical tempera-
ture the AdS vacuum is more probable than the AdS–Schwarzschild 
black hole. This work has been extended successfully to cases of 
higher dimensions in Ref. [6], and is explained to be holographic 
dual to conﬁnement/deconﬁnement transition in dual gauge the-
ory. Such a phase transition can be read off from comparing their 
on-shell free energies.
We can also study the Hawking–Page transition using off-shell 
free energy of the black hole, and it is more natural to see the 
tunneling picture of the phase transition in this method. In the off-
shell free energy, the temperature is taken to be arbitrary rather 
than the Hawking temperature of the black hole. And then the 
other quantities, i.e. the mass of the black hole, which is deter-
mined by the temperature originally in on-shell free energy, now 
can be treated as an arbitrary parameter for given temperature. 
So the off-shell free energy will be a continuous function of the 
continuous mass parameter, from positive value to zero which cor-
E-mail address: sjzhang84@hotmail.com.http://dx.doi.org/10.1016/j.physletb.2015.05.065
0370-2693/© 2015 The Author. Published by Elsevier B.V. This is an open access article 
SCOAP3.responds to the vacuum, for given temperature. The extremum of 
the off-shell free energy is an equilibrium state which is the black 
hole, while the others correspond to non-equilibrium states which 
can be seen as immediate states during phase transition. Then the 
tunneling picture becomes clear that the black hole is connected 
with the vacuum via inﬁnite immediate states.
However, the situation becomes more subtle in (2 + 1)-dimen-
sional BTZ (Bañados–Teitelboim–Zanelli) black hole system [7], 
where there exist two distinct solutions. One is the BTZ black 
hole with mass M ≥ 0, and the other is the global AdS3 soliton 
with M < −1. There are various works studying the Hawking–
Page phase transition in this system using on-shell method, as well 
as off-shell method taking conical singularity into account [8–16]. 
Then a natural question arises: Because there exists a mass gap 
between the BTZ black hole and the soliton, can we still get a pic-
ture of continuous evolution of the phase transition between them 
using off-shell method? In Ref. [17], the authors conﬁrm this pic-
ture by treating both the BTZ black hole and the soliton off-shell. 
Both off-shell free energies will become continuous functions of 
the mass, with M ≥ 0 and M < 0 respectively, and both are con-
nected at the point M = 0. Then for a given temperature, not only 
there exist inﬁnite non-equilibrium states with M ≥ 0, but also ex-
ist inﬁnite non-equilibrium states with M < 0. The two extrema of 
the two off-shell free energies correspond to the BTZ black hole 
and the thermal soliton, respectively. And now the tunneling pic-
ture becomes clear that the BTZ black hole and the thermal soliton 
are connected via immediate states.
On the other hand, recently, a new kind of three dimensional 
gravity theory was proposed, which is now known as new massive 
gravity (NMG) [18,19]. In NMG, beyond the usual Einstein–Hilbert 
action, particular higher-curvature terms are added. Then propa-under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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the BTZ black hole with M ≥ 0 and the AdS3 soliton are still solu-
tions of the NMG. However, because of the existence of additional 
higher-curvature terms, contribution of the conical singularity to 
their off-shell free energies is more subtle compared to Einstein 
case. So it is interesting to see if the picture of continuous evo-
lution of the Hawking–Page transition still holds when using off-
shell method in NMG.
The paper is organized as follows. In Section 2, we will 
give a brief introduction of the NMG, introducing generalized 
Gibbons–Hawking surface term and suitable counterterms, which 
are needed to calculate the free energies. In Section 3, we calcu-
late the on-shell free energies, from which we can read off the 
Hawking–Page phase transition. The results show that there exists 
a critical temperature. The thermal soliton is more probable than 
the black hole below the critical temperature while the black hole 
is more probable than the thermal soliton above the critical tem-
perature. In Section 4, we calculate the off-shell free energies by 
taking into account the conical singularity. The results show a con-
tinuous curve of off-shell free energies connecting the BTZ black 
hole and the thermal soliton. In Section 5, we give a conclusion 
and discussion.
2. BTZ black hole in new massive gravity
First, let us give a brief introduction to new massive gravity 
and the BTZ black hole. Apart from the Einstein–Hilbert action, the 
action contains a higher-curvature term [18,19],
Ibulk = IEH + IHC,
IEH = 1
16πG
∫
M
d3x
√−g (R − 2λ) ,
IHC = − 1
16πGm2
∫
M
d3x
√−g
(
Rμν R
μν − 3
8
R2
)
, (1)
where m2 is a parameter with square mass dimension, and λ is 
a constant which is different from the cosmological constant. The 
equations of motion are
Gμν + λgμν − 1
2m2
Kμν = 0, (2)
with Gμν being the Einstein tensor Gμν = Rμν − 12 gμν R , and
Kμν = 2∇2Rμν − 1
2
∇μ∇ν R − 1
2
∇2Rgμν + 4Rμρνσ Rρσ
− 3
2
RRμν − Rρσ Rρσ gμν + 3
8
R2gμν. (3)
When parameters are chosen as
m2 = 
2
4(−λ + ),  = −
1
2
, (4)
then we have BTZ black hole solution,
ds2BTZ = − f (r)dt2 +
dr2
f (r)
+ r2dφ2, (5)
where f (r) = −M + r2
2
. The integration constant M is the cor-
responding ADM mass. For the BTZ black hole metric, we have 
R = 6, and then  can be seen as the cosmological constant and 
 as AdS radius. The horizon locates at rH = 
√
M , and the Hawk-
ing temperature and the Wald entropy of the BTZ black hole areT = κ
2π
=
√
M
2π
, (6)
SWald = πrH2G
(
1− 1
2m22
)
, (7)
where κ is the surface gravity. When M = −1, the geometry de-
scribes the AdS soliton. To make the theory physical and non-
trivial, i.e. having positive central charge and positive mass of the 
BTZ black hole, we should set the condition m22 > 12 [19–21].
We will study the Hawking–Page phase transition between the 
BTZ black hole and the AdS soliton using path-integral method 
proposed by Gibbons and Hawking in Ref. [22]. Before doing this, 
there are two problems we should solve ﬁrst. To make the varia-
tional principle well posed to get the equation of motion, the bulk 
action should be accompanied by a generalized Gibbons–Hawking 
term. And to get a ﬁnite Euclidean action, we should add suitable 
counterterms to regularize the action. For the new massive gravity, 
these two tasks have been done in Ref. [23]. So, the total action is
I = Ibulk + IGGH + Ict . (8)
To get these additional terms, it is useful to express the bulk action 
in second-order form by introducing an auxiliary ﬁeld fμν ,
Ibulk = 116πG
∫
M
d3x
√−g
×
[
R − 2λ + f μνGμν + 1
4
m2
(
f μν fμν − f 2
)]
, (9)
which is equivalent to the original action [Eq. (1)] upon to the 
equation of motion of fμν ,
fμν = − 2
m2
(
Rμν − 1
4
Rgμν
)
. (10)
The generalized Gibbons–Hawking term and the counterterm are
IGGH = 1
16πG
∫
∂M
d2x
√−γ (−2K − fˆ i j Ki j + fˆ K) , (11)
Ict = − 1
8πG
(
1− 1
2m22
) ∫
∂M
d2x
√−γ . (12)
In deriving the above equations, a radial ADM decomposition of 
the bulk metric is applied,
ds2 = N2dr2 + γi j(dxi + Nidr)(dx j + N jdr), (13)
and fˆ i j is deﬁned in terms of f i j and the shift Ni ,
fˆ i j = f i j + 2 f r(iN j) + f rrNiN j . (14)
3. On-shell free energy
In this section, we derive the on-shell free energy through cal-
culating the on-shell Euclidean action of the Euclidean continua-
tion of the metric. The Euclidean continuation of the metric can be 
achieved by the wick rotation τ = it ,
ds2BTZ = f (r)dt2 +
dr2
f (r)
+ r2dφ2. (15)
The total Euclidean action is
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Ibulk = − 116πG
∫
M
d3x
√−g
×
[
R − 2λ + f μνGμν + 1
4
m2
(
f μν fμν − f 2
)]
, (17)
IGGH = − 1
16πG
∫
∂M
d2x
√−γ (−2K − fˆ i j Ki j + fˆ K) , (18)
Ict = 1
8πG
(
1− 1
2m22
) ∫
∂M
d2x
√−γ , (19)
where the boundary ∂M is located at constant r, which we will 
take to be inﬁnite at last.
For the BTZ black hole with M > 0, the three terms in the ac-
tion are calculated as
Ibulk = β(r
2 − r2H )
4G2
(
1− 1
2m22
)
, (20)
IGGH = −β(2r
2 − r2H )
4G2
(
1− 1
2m22
)
, (21)
Ict =
βr
√
r2 − r2H
4G2
(
1− 1
2m22
)
, (22)
and then the total Euclidean action for the BTZ black hole is
Ibh = −βM8G
(
1− 1
2m22
)
+O
(
1
r2
)
, (23)
where β is the period of Euclidean time. Now we take β as the 
inverse of the Hawking temperature [Eq. (6)], then the Euclidean 
action is on-shell Ibh = Ionbh . At the inﬁnite boundary of r → ∞, 
the free energy, the thermodynamic energy, and the entropy are 
obtained as
F onbh = β−1 Ionbh = −
M
8G
(
1− 1
2m22
)
, (24)
E = ∂ I
on
bh
∂β
= M
8G
(
1− 1
2m22
)
, (25)
S = βE − Ionbh =
πrH
2G
(
1− 1
2m22
)
. (26)
These results are consistent with the ones derived with other 
methods in Refs. [20,21]. The heat capacity is given by
C = ∂E
∂T
= π
√
M
2G
(
1− 1
2m22
)
, (27)
which implies that the BTZ black hole is stable when m22 ≥ 12 , 
and unstable when 0 < m22 < 12 . So to make the BTZ black hole 
stable, we should also set the condition m22 > 12 , as previously 
stated.
For the soliton of M = −1, the three terms in the action are 
calculated as
Ibulk = β4G
r2
2
(
1− 1
2m22
)
, (28)
IGGH = − β
4G
(
1+ 2r
2
2
)(
1− 1
2m22
)
, (29)
Ict = β
4G
r

√
1+ r
2
2
(
1− 1
2m22
)
, (30)Fig. 1. The solid and the dashed lines show the on-shell free energies of the BTZ 
black hole and the thermal soliton, respectively.
and the total action is
Ionsol = −
β
8G
(
1− 1
2m22
)
+O
(
1
r2
)
, (31)
where the period of Euclidean time has been also chosen as β . 
Taking r → ∞, we get the on-shell free energy of the thermal soli-
ton,
F onsol = β−1 Ionsol = −
1
8G
(
1− 1
2m22
)
. (32)
Comparing the on-shell free energies [Eqs. (24) and (32)] with the 
ones in Einstein gravity given in Ref. [17], we see that an addi-
tional factor 
(
1− 1
2m22
)
appears involving the contribution of the 
additional higher-curvature terms.
We plot the free energies of the BTZ black hole and the thermal 
soliton in Fig. 1, which shows that a phase transition occurring at 
Tc = 1/(2π). This phase transition also appears in Einstein grav-
ity [17]. We can see that the thermal soliton is more probable than 
the black hole below the critical temperature while the black hole 
is more probable than the thermal soliton above the critical tem-
perature.
4. Off-shell free energy
Now we take the period of Euclidean time β to be arbitrary 
rather than as the inverse of the Hawking temperature. Then there 
exists a conical singularity in our considered two geometries, the 
BTZ black hole and the thermal soliton. Denoting the space with 
a conical singularity by Mα with conical deﬁcit angle 2π(1 − α), 
and the singular set by . Then, the Ricci tensor and the Ricci 
scalar on Mα are given by the following relations [24],
(α)Rμν = Rμν + 2π(1− α)(nμnν)δ, (33)
(α)R = R + 4π(1− α)δ, (34)
where δ is the delta-function supported on  :
∫
M f δ =
∫

f ; 
ns = nsμdxμ (s = 1, 2) are two orthonormal vectors orthogonal 
to , (nμnν) =∑2s=1 nsμnsν and the quantities Rμν and R are com-
puted in the regular points Mα/ by the standard method.
For the case of the BTZ black hole with M > 0, the conical sin-
gularity appears from the Euclidean time at the event horizon. For 
an arbitrary period β , the conical deﬁcit angle is
2π(1− α) = 2π − β√M/. (35)
The total action should be implemented by the singularity’s con-
tribution. With Eqs. (1), (33) and (34), they can be obtained as
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soliton. We can see that they two are not connected.Isingular = − (1− α)4G
∫
dφ
√
gφφ
[
1+ 3
4m2
R − 1
m2
Rμνn
μ
s n
ν
s
]
− π(1− α)
2
4G
∫
dφ
√
gφφ
[
3
2m2
− 1
m2
nsμn
s
νn
μ
t n
ν
t
]
δ,
(36)
where the (1 −α)2 term on the right-hand side is divergent when 
taking the regularization off. However, this term does not con-
tribute to the entropy and energy as we will show below. So from 
now on we will omit this term, and only take into account of 
the contribution of the (1 − α) term. With nμ1 =
(
g−1/2tt ,0,0
)
and 
nμ2 =
(
0, g−1/2rr ,0
)
, Isingular can be calculated as
Isingular = −π
√
M(1− α)
2G
(
1− 1
2m22
)
=
[
βM
4G
− π
√
M
2G
](
1− 1
2m22
)
. (37)
So the total off-shell action is
Ioffbh = Ibh + Isingular
=
[
−βM
8G
− π
√
M(1− α)
2G
](
1− 1
2m22
)
=
[
βM
8G
− π
√
M
2G
](
1− 1
2m22
)
. (38)
Note we can get the entropy from the above action using the for-
mula S = (α ∂
∂α − 1
)
Ioffbh
∣∣∣∣
α=1
. From the formula it is easy to see 
that the omitted (1 −α)2 term has no contribution to the entropy. 
Then the off-shell free energy is
F offbh = β−1 Ioffbh =
[
M
8G
− π
√
M
2Gβ
](
1− 1
2m22
)
. (39)
In this section, for convenience, we denote β as the arbitrary tem-
perature of the heat reservoir, and βH as the inverse of the Hawk-
ing temperature in Eq. (6). Note that if we identify β = βH , the 
free energy [Eq. (39)] reduces to the on-shell free energy [Eq. (24)]. This condition amounts to taking extrema of the off-shell free en-
ergy with respect to M for given β . However, for β = βH , the free 
energy is off-shell and corresponds to non-equilibrium states. As 
Ref. [17], we note that the off-shell free energy can be written 
as
F offbh = E − T S, (40)
with E and S being the energy and the entropy given in Eqs. (25)
and (26) respectively, while T is treated as a variable.
In Fig. 2, we plot the off-shell free energy of the BTZ black hole. 
We can see that the end point (M = 0) of the free energy of the 
black hole is not connected with the free energy of the thermal 
soliton. As Ref. [17], we expect that there exist some missing off-
shell states in the region of negative M . So in the following, let us 
consider conﬁgurations with arbitrary negative values of M which 
correspond to non-equilibrium states.
For M < 0, we now consider the space described by the metric 
[Eq. (5)] including a conical singularity at r = 0, which appears at 
the cone spanned by coordinates {r, φ}. Then the deﬁcit angle is
2π(1− α) = 2π(1− √−M). (41)
The singularity’s contribution comes from the bulk action Ibulk . Us-
ing Eqs. (33) and (34), and also omitting the (1 −α)2 term, we can 
calculate it as
Isingular = − (1− α)4G
∫
dτ
√
gττ
[
1+ 3
4m2
R − 1
m2
Rμνn
μ
s n
ν
s
]
.
(42)
With nμ1 =
(
0, g−1/2rr ,0
)
and nμ2 =
(
0,0, g−1/2φφ
)
, we can ﬁnish the 
integration and get
Isingular = − (1− α)β
√−M
4G
(
1− 1
2m22
)
= −β
(
1− √−M)√−M
4G
(
1− 1
2m22
)
. (43)
And then the three terms of the action are calculated as
Ibulk = β4G
(
r2
2
− M − √−M
)(
1− 1
2m22
)
, (44)
IGGH = β
(
M − 2r
2
2
)(
1− 1
2 2
)
, (45)4G  2m 
162 S.-J. Zhang / Physics Letters B 747 (2015) 158–163Fig. 3. The three solid lines with M > 0 show the off-shell free energies of the BTZ black hole depending on the temperature of the heat reservoir, and the single solid line 
with M < 0 shows the off-shell free energy of the soliton. The four minima consist of the three black hole states and one soliton state in each equilibrium. We can see that 
the free energy is now continuous.Ict = β
4G
r

√
−M + r
2
2
(
1− 1
2m22
)
. (46)
The total off-shell action is
Ioffsol =
β
8G
[
−M − 2√−M
](
1− 1
2m22
)
+O
(
1
r2
)
, (47)
from which we get the off-shell free energy by taking r → ∞,
F offsol =
1
8G
[
−M − 2√−M
](
1− 1
2m22
)
. (48)
In Fig. 3, we plot the off-shell free energies of the BTZ black 
hole and the thermal soliton. We can see that the two off-shell free 
energies now are connected at the point M = 0, which thus pro-
vides us a complete picture of continuous evolution of the phase 
transition. It shows that below the critical temperature the BTZ 
black hole can quantum tunnel to the thermal soliton, while above 
the critical temperature the thermal soliton can quantum tunnel to 
the BTZ black hole. The tunneling probability is [5]
 ∼ e−
∣∣Ionbh−Ionsol∣∣. (49)
With the help of Eqs. (23), (31), we can see that compared with 
the case in Einstein gravity [17], the tunneling probability is en-
hanced due to the existence of the factor 
(
1− 1
2m22
)
. That means, 
for given temperature, the Hawking–Page phase transition is more 
easy in new massive gravity.
5. Summary and discussion
In this paper, we use Euclidean path integral method to ana-
lyze Hawking–Page phase transition between the BTZ black hole 
and the thermal soliton in new massive gravity. We calculate the 
on-shell free energies, which shows that a phase transition occur-
ring at Tc = 1/(2π). The thermal soliton is more probable than 
the black hole below the critical temperature while the black hole 
is more probable than the thermal soliton above the critical tem-
perature. Then we take the temperature of the black hole and the 
thermal soliton to be arbitrary, which introduces conical singulari-
ties. When taking the conical singularity into account suitably, we 
get the off-shell free energies. Note that because of the existence 
of the additional higher-curvature terms, the off-shell free energies will be divergent. However, if we omit the divergent part which 
does not affect the entropy and the energy of the system, we get a 
well-behaved off-shell free energies. Then the off-shell free energy 
becomes a continuous function of the mass for given temperature. 
The two extrema of the off-shell free energies correspond to the 
two equilibrium states, the BTZ black hole and the thermal soliton. 
Beyond these two states, there also exist inﬁnite non-equilibrium 
states as immediate states during the phase transition. These re-
sults provide a complete picture for the tunneling process of the 
phase transition. Moreover, compared with the results in Einstein 
gravity [17], we can see that the tunneling probability is enhanced 
due to the existence of higher-curvature term. However, there re-
mains a problem that how to deal with the divergent part of the 
off-shell free energies. It may be cured by more suitable regular-
ization methods. This can be left as a further investigation.
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